Abstract. Let F be a global function field of characteristic p > 0, K/F an ℓ-adic Lie extension unramified outside a finite set of places S and A/F an abelian variety. We study SelA(K)
Introduction
One of the main features of Iwasawa theory is the link it provides between characteristic ideals of (duals of) Selmer groups and p-adic L-functions. In the classical abelian setting of Z d ℓ -extensions both its analytic and algebraic sides have been well developed for general global fields, leading to the statements (and, in some cases, to the proofs) of Main Conjectures. The foundations for the research in non-commutative Iwasawa theory for a general ℓ-adic Lie extension can be found in the celebrated paper by Coates et al. [8] and the subject has been developed from there, first in the number field setting and (more recently) for function fields of positive characteristic.
In this work we deal with the function field setting. Namely let F be a global function field of trascendence degree one over its constant field F q , where q is a power of a fixed prime p ∈ Z. Let K be a Galois extension of F unramified outside a finite set of primes S and such that G = Gal(K/F ) is an infinite ℓ-adic Lie group (ℓ ∈ Z a prime number). Let Λ(G) be the associated Iwasawa algebra (for precise definitions of all notations and objects appearing in this Introduction see Section 2). Finally, let A be an abelian variety defined over F and of finite dimension g. When G has no elements of order ℓ and contains a closed normal subgroup H such that G/H ≃ Z ℓ , Coates et al. [8] are able to define a characteristic element for every finitely generated Λ(G)-module M , which has the property that the quotient of M by the submodule of elements of order a finite power of ℓ is finitely generated over the Iwasawa algebra of H (i.e., M belongs to the category M H (G) in the language of Conjecture 5.1 of [8] ).
We shall study the structure of Sel A (K) ∨ ℓ (the Pontrjagin dual of the Selmer group) as a module over both Λ(G) and Λ(H) via the classical tool provided by Mazur's Control Theorem (see [18] and, for recent generalizations to Z d ℓ -extensions of function fields, [3] , [4] , [5] and [33] ). We will prove that Sel A (K) ∨ ℓ is a finitely generated Λ(G)-module and, in a similar way, we obtain that Sel A (K) ∨ ℓ is a finitely generated Λ(H)-module as well, provided that G contains a suitable closed subgroup H (and, for ℓ = p, under certain hypotheses on the splitting of primes in the Z ℓ -extension K H /F ). When this is the case, since H has infinite index in G, Sel A (K) ∨ ℓ is also a torsion Λ(G)-module. Working on the algebra Λ(H) is often sufficient to gather information about Sel A (K) ∨ ℓ as a Λ(G)-module, but we prefer to work on Λ(G) as well for several reasons. First of all, as one can see in [8] , we always need finitely generated Λ(G)-modules. Secondly, in our first control theorem (Theorem 3.2) it is possible to find the path we will follow and the tools we will use in most of the proofs of the main theorems (including the ones for Λ(H)-modules involving the extensions K/K H , which are not, strictly speaking, control theorems since the base field will not be allowed to vary). Finally, control theorems for Λ(G)-modules sometimes allow us to obtain results on general ℓ-adic Lie extensions, regardless of G containing or not an arithmetically interesting subgroup H.
We recall that recent papers have considered similar and/or more general topics using different (somehow more sophisticated) techniques. For example, in [22] , the authors study the structure of Selmer groups using syntomic cohomology for p-adic Lie extensions of fields of characteristic p containing the unique Z p -extension of the constant field. Moreover [37] provides a comprehensive study of the whole theory (including a proof of the main conjecture) in the language of schemes, for ℓ-adic extensions of a separated scheme X of finite type over the field F p e ; his proof uses K-theory, Waldhausen categories (and higher K-groups) and other cohomological tools. Another approach to the main conjecture (for Z d ℓ -extensions) is provided in [15] . Our method basically only requires a careful study of Galois cohomology groups (both for local and global fields), hence control theorems, in addition to being interesting in their own right, provide what can be now considered as an "elementary approach" to the study of Selmer groups. Nevertheless this approach, fit also to investigate some issues of the analytic side of Iwasawa theory (as done in [24] ), guarantees a lot of information on the structure of Selmer groups and, in particular, many cases in which Conjecture 5.1 of [8] is verified (see Corollaries 4.9 and 6.5).
Here is a summary of the paper. After recalling (in Section 2) the main objects and the setting we will work with, we shall start with the case ℓ = p proving the control theorem in Section 3 and examining its consequences on the Λ(G)-structure of Sel A (K) ∨ ℓ in Section 4. In particular we shall prove the following (see Theorem 3.2) Theorem 1.1. For any finite extension F ′ /F contained in K, the kernel and cokernel of the map An immediate application of Nakayama's Lemma will show that Sel A (K) ℓ is a cofinitely generated Λ(G)-module. Then, in Section 4, we prove an analogous statement (Theorem 4.8) for the kernel and cokernel of the map
where Gal(K/K ′ ) = H and G/H ≃ Z ℓ . We derive from that the structure of Sel A (K) ∨ ℓ as a Λ(H)-module and, as a consequence, some cases in which Sel A (K) ∨ ℓ is a torsion Λ(G)-module. We also deal with the case K = F (A[ℓ ∞ ]) which can be included in this general case (with the only exception of the ad hoc result of Theorem 3.7). In Sections 5 and 6 we follow the same path and obtain analogous results for the case ℓ = p, where definitions and statements need the use of flat cohomology groups but most of the proofs only require the study of Galois cohomology groups (as in the ℓ = p case). The main difference will be the presence of nontrivial images for the Kummer maps in the definition of the Selmer groups. In particular we shall show (see Theorem 5.3) Theorem 1.2. Assume that all ramified primes are of good ordinary or split multiplicative reduction, then, for any finite extension F ′ /F contained in K, the kernel and cokernel of the map As in the case ℓ = p we immediately find that Sel A (K) ∨ p is a finitely generated Λ(G)-module (this can be seen as the non-abelian counterpart of [33, Theorem 5] ). Moreover we will prove that Sel A (K) ∨ p is often Λ(G)-torsion: when the ramified primes are of good ordinary reduction we provide a direct proof (see Theorem 6.2, which depends on the control Theorem 5.3, for a precise statement), when the ramified primes are of split multiplicative reduction we need to examine the structure of Sel A (K) ∨ p as a Λ(H)-module to get the result (see Corollary 6.5, which depends on the control Theorem 6.4). We note that the extension F (A[p ∞ ]) is not included here because it should require the study of inseparable extensions which cannot be treated with the techniques used in this paper.
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Setting and notations
For the convenience of the reader we recall here the main objects we shall deal with and give notations and definitions for them. The notations will be fairly standard for Iwasawa theory so the expert reader can simply skip this section and go back to it only when/if needed.
and X L the scheme Spec(L): they will essentially appear in Galois and flat cohomology groups so whenever we write a scheme X we always mean X f l . Let F be a global function field of trascendence degree one over its constant field F F = F q , where q is a power of a fixed prime p ∈ Z. We put F for an algebraic closure of F and F s ⊂ F for a separable closure. For any algebraic extension L/F let M L be the set of places of L: for any v ∈ M L we let L v be the completion of L at v, O v its ring of integers with maximal ideal m v and residue field F Lv . Whenever we deal with a local field E (or an algebraic extensions of such field) the above notations will often be replaced by O E , m E and F E . For any place v ∈ M F we choose (and fix) an embedding F ֒→ F v (an algebraic closure of F v ), in order to get a restriction map G Fv := Gal(F v /F v ) ֒→ G F . All algebraic extensions of F (resp. of F v ) will be assumed to be contained in F (resp. F v ). In general we will deal with ℓ-adic Lie extensions K/F , i.e., Galois extensions with Galois group an ℓ-adic Lie group. We always assume that our extensions are unramified outside a finite set S of primes of M F .
2.2. ℓ-adic Lie groups. The most useful (for us) characterization of ℓ-adic analytic groups is due to Lazard [16] [10, Theorem 8.32] ). For the whole paper our ℓ-adic Lie group G is the Galois group of a field extension, so one must take into account that it is also compact and profinite. Compactness implies it has finite rank and has an open, normal, uniform pro-ℓ subgroup which is always finitely generated (see [10, Corollary 8.34] ). While being profinite means that every open subgroup is of finite index. Finally, note that if G is an ℓ-adic Lie group without points of order ℓ, then it has finite ℓ-cohomological dimension, which is equal to its dimension as an ℓ-adic Lie group ([27, Corollaire (1) p. 413]). For all basic definitions and facts about profinite groups, the reader is referred to [10] and [36] .
2.3. Modules and duals. For any ℓ-adic Lie group G we denote by
the associated Iwasawa algebra (the limit is on the open normal subgroups of G). From Lazard's work (see [16] ), we know that Λ(G) is Noetherian and, if G is pro-ℓ and has no elements of order ℓ, then Λ(G) is an integral domain. From [10, Theorem 4.5] we know that, for a finitely generated powerful pro-ℓ group, being torsion free is equivalent to being uniform. Because of this when we need Λ(G) to be without zero divisors we will take a torsion free G. For a Λ(G)-module M , we denote its Pontrjagin dual by M ∨ := Hom cont (M, C * ). In the cases considered in this paper, M will be a (mostly discrete) topological Z ℓ -module, so that M ∨ can be identified with Hom cont (M, Q ℓ /Z ℓ ) and it has a natural structure of Z ℓ -module (because the category of compact Λ(G)-modules and the category of discrete Λ(G)-modules are both abelian and the Pontrjagin duality defines a contravariant equivalence of categories between them). The reader is reminded that to say that an R-module M (R any ring) is cofinitely generated over R means that M ∨ is a finitely generated R-module.
2.4.
Selmer groups. Let A be an abelian variety of dimension g defined over F : we denote by B its dual abelian variety. For any positive integer n we let A[n] be the scheme of n-torsion points and, for any prime ℓ, we put
We define Selmer groups via the usual cohomological techniques and, since we deal mostly with the flat scheme of torsion points, we shall use the flat cohomology groups H i f l (for the basic definitions see [19, Ch. II and III] ). Fix a prime ℓ ∈ Z and consider the exact sequence
and, for any finite algebraic extension L/F , take flat cohomology with respect to X L to get an injective Kummer map
Taking direct limits one has an injective map
Exactly in the same way one can define local Kummer maps
where the map is the product of the natural restrictions between cohomology groups. For infinite extensions L/F the Selmer group Sel A (L) ℓ is defined, as usual, via direct limits.
Letting L vary through subextensions of K/F , the groups Sel A (L) ℓ admit natural actions by Z ℓ (because of A[ℓ ∞ ] ) and by G = Gal(K/F ). Hence they are modules over the Iwasawa algebra Λ(G). If L/F is a finite extension the group Sel A (L) ℓ is a cofinitely generated Z ℓ -module (see, e.g.
[20, III.8 and III.9]). One can define the Tate-Shafarevich group X(A/L) as the group that fits into the exact sequence
The function field version of the Birch and Swinnerton-Dyer conjecture predicts X(A/L) to be finite for any finite extension L of F (relevant results in this direction can be found, for example, in [14] and [25] ). Assuming the BSD conjecture and taking Pontrjagin duals on the sequence above, one gets
which provides motivation for the study of (duals of) Selmer groups (recall that the cohomology groups H i f l , hence the Selmer groups, are endowed with the discrete topology).
(see [19, III.3.9] ). In order to lighten notations, each time we work with l = p we shall use the classical notation
2.5. The fundamental diagram. We will consider ℓ-adic Lie extensions K/F ′ (for any finite extension F ′ /F ) and study the kernels and cokernels of the natural restriction maps
We shall do this via the snake lemma applied to the following diagram
where, for any field L, we put
3. Control theorem for ℓ = p.
As pointed out by Coates and Greenberg in [9, Proposition 4.1 and the subsequent Remark], the image of the Kummer map κ w is trivial for any w ∈ M L , because L w has characteristic p = ℓ. Therefore, in this case, the ℓ-part of the Selmer group is simply
The following lemma holds for any prime ℓ (including ℓ = p) and we shall need it in most of our control theorems.
Lemma 3.1. Let G be any compact ℓ-adic Lie group of finite dimension and let M be a discrete Λ(G)-module which is cofinitely generated over Z ℓ (resp. finite). Then, for any closed subgroup V of G, the cohomology groups H 1 (V, M ) and H 2 (V, M ) are cofinitely generated (resp. finite) Z ℓ -modules as well and their coranks (resp. their orders) are bounded independently of V.
Proof. Obviously we can restrict our attention to pro-ℓ subgroups of G and, by [10, Ch. 1, Exercise 12], any group of this kind is contained in a pro-ℓ Sylow subgroup P ℓ . Moreover any pro-ℓ Sylow is open by [10, Corollary 8.34] . Let V be any closed pro-ℓ subgroup of some pro-ℓ Sylow P ℓ and put
Since P ℓ has finite rank (in the sense of 
Note that, if M is finite (hence equal to M/M div ), we have already completed the proof of the finiteness of the H i (V, M ). Moreover, in this case the orders are also bounded independently of V .
To deal with the divisible part note that M div [ℓ] is finite (say of order ℓ λ ), thus, by what we have just proved,
The cohomology of the exact sequence
therefore the groups on the right have finite and bounded orders as well.
Hence the H i (V, M div ) are cofinitely generated Z ℓ -modules with coranks bounded bỹ
(which is a bound for the whole H i (V, M ) since the Z ℓ -corank of the finite part is 0).
With the above notations, for every finite extension F ′ of F contained in K, the kernels and cokernels of the maps Proof. We shall use the snake lemma for the diagram (1): hence, to prove the theorem, we are going to bound the kernels and cokernels of the maps b K/F ′ and c K/F ′ .
3.1. The maps b K/F ′ . From the Hochschild-Serre spectral sequence we have that
We can apply Lemma 3.1 with
are cofinitely generated Z ℓ -modules whose coranks are bounded bỹ
is finite, we have the bound
where
and, by the Inf-Res sequence,
From the Kummer exact sequence one can write the following diagram
) and deduce from it the inclusion
Since this last group is obviously trivial if the prime v ′ splits completely we limit ourselves to the study of this local kernels for primes which are not totally split in K/F ′ . If v is a prime of good reduction for A and unramified in K/F ′ , then [20, Ch. I, Proposition 3.8] yields
Via the inflation map one immediately gets
where S * is the finite set composed by: -all primes in S; -all primes not in S and of bad reduction for A. To find bounds for these primes we shall use Tate's theorems on (local) duality and (local) Euler-Poincaré characteristic.
) is finite and we can bound its order using the Euler characteristic
From the pairing on cohomology induced by the Weil pairing (see, for example, [20, Ch. I, Remark 3.5]), the group
, so all the orders in the formula are finite. Moreover, by [21, Theorem 7 
provides again the finiteness of the kernels (but note that here, in general, the orders are not bounded).
Remark 3.3. 1. Note that the local kernels are always finite, the additional hypothesis on the finiteness of A[ℓ ∞ ](K) was only used to bound the orders of Ker(b K/F ′ ) and Coker(b K/F ′ ). 2. Most of the bounds are independent of F ′ (in particular the ones for Ker(a K/F ′ ) ), but to get uniform bounds for Coker(a K/F ′ ) one also needs to bound the number of nontrivial groups appearing in the product which contains Ker(c K/F ′ ). In particular one needs finitely many nontrivial Ker(d w )'s and the only way to get this is assuming that the decomposition groups are open. Note that if there is at least one unramified prime of bad reduction such hypothesis on its decomposition group immediately yields that G contains a subgroup isomorphic to Z ℓ with finite index.
We can be a bit more precise with the local bounds for the unramified primes of bad reduction thanks to the following 1 The statement is for finite modules (i.e., it's true for all the modules A[ℓ n ] for any n), but limits are allowed here since the numerator stabilizes, i.e., there is an n such that
Proposition 3.4. If v is an unramified prime of bad reduction (with nontrivial decomposition group) and v
) is finite and its order is bounded independently of F ′ .
Proof. The ℓ-part of the Galois group Gal(K w /F ′ v ′ ) is a finite cyclic ℓ-group or it is isomorphic to Z ℓ . Moreover
, we can apply [5, Remark 3.5] to get
A similar bound (independent from F ′ ) holds for the finite case as well. One just uses the inflation map to the group
We summarize the given bounds with the following 
The bounds in 1 are independent of F ′ (while the values appearing in 3 do not depend on F ′ but the number of the factors in the product does).
is not a necessary condition to get finite kernels and cokernels in the control theorem. An important example is provided by the extension K = F (A[ℓ ∞ ]) (this extensions has been studied in details in [26] in the case A = E, an elliptic curve). Fix a basis of A[ℓ ∞ ] and consider the continuous Galois representation
provided by the action of Gal(F s /F ) on the chosen basis. Since Ker(ρ) is given by the automorphisms which fix A[ℓ ∞ ], one gets an isomorphism
and, consequently, an embedding
Since Gal(F s /F ) is compact, its image under ρ must be a compact subgroup of GL 2g (Z ℓ ). As the latter is Hausdorff, ρ(Gal(F s /F )) is closed and so it is an ℓ-adic Lie group. 
Consider the Tate module
then one has an exact sequence (of Galois modules)
By [28, Théorème 2] and the subsequent Corollaire (which hold in our setting as well, as noted in the Remarques following the Corollaire), one has H i (K/F ′ , V ℓ (A)) = 0 for any i 0, moreover the H i (K/F ′ , T ℓ (A)) are all finite groups. Hence we get isomorphism
which provide the finiteness of Ker(b K/F ′ ) and Coker(b K/F ′ ).
Λ-modules for ℓ = p
In this section we assume that our Galois group G (still an ℓ-adic Lie group) has no elements of order ℓ and write Λ(G) for the associated Iwasawa algebra. First we describe the structure of Sel A (K) ∨ ℓ as a Λ(G)-module, showing that it is a finitely generated (sometimes torsion) Λ(G)-module. Then, assuming that G contains a subgroup H such that G/H ≃ Z ℓ , we will show that Sel A (K) ∨ ℓ is finitely generated as a Λ(H)-module as well. For the latter we shall need a slightly modified version of the previous Theorem 3.2. As usual the main tool for the proof (along with the control theorem) is the following generalization of Nakayama's Lemma.
Theorem 4.1. Let G be a topologically finitely generated, powerful and pro-ℓ group and I any proper ideal. Let M be a compact Λ(G)-module, then:
1
. if M/IM is finitely generated as a Λ(G)/I-module then M is finitely generated as a Λ(G)-module; 2. if G is soluble uniform and M/I G M is finite then M is a torsion Λ(G)-module (where
Proof. See the main results of [2] .
Let F (ℓ)
p be the Z ℓ -extension of F p . One of the most (arithmetically) interesting example is provided by extensions K/F containing F (ℓ) p F , where one can take H = Gal(K/F (ℓ) p F ). This can be considered as a very general setting thanks to the following lemma (which was brought to our attention by David Burns).
Lemma 4.2. Let K/F be a ℓ-adic Lie extension with ℓ = 2, p . Then there exist a field
unramified outside a finite set of places; 3. Gal(K ′ /F ) is a compact ℓ-adic Lie group without elements of order ℓ.
Proof. Since ℓ = p the proof is the same of [7, Lemma 6.1] (where the statement is for number fields). One basically considers the field K(µ ℓ ∞ ) (which obviously contains F (ℓ) p F ), where µ ℓ ∞ is the set of all ℓ-power roots of unity, and then cuts out elements of order ℓ in Gal(K(µ ℓ ∞ )/F (µ ℓ ∞ )) using Kummer theory to describe generators for subextensions of degree ℓ.
Structure of Sel
We are now ready to prove the following Theorem 4.3. In the setting of Theorem 3.2, Sel A (K) ∨ ℓ is a finitely generated Λ(G)-module. Proof. Consider any open, powerful and pro-ℓ subgroup G ′ of G. Since Λ(G) is finitely generated over Λ(G ′ ) it is obvious that Sel A (K) ∨ ℓ is finitely generated over Λ(G) if and only if it is finitely generated also over Λ(G ′ ). So we are going to prove the statement for such G ′ . Consider the exact sequence
where F ′ is the fixed field of G ′ . We know from Theorem 3.2 that Coker(a K/F ′ ) ∨ and Ker(a K/F ′ ) ∨ are finitely generated Z ℓ -modules. Moreover, since F ′ /F is finite, Sel A (F ′ ) ∨ ℓ is a finitely generated Z ℓ -module ([20, III. 8 
and III.9]). Hence (Sel
∨ is a finitely generated Z ℓ -module thanks to the exactness of the sequence (2). Since (
where I G ′ is the augmentation ideal, our claim follows from Theorem 4.1.
Remark 4.4. Note that in the above proof we do not need any hypothesis on the elements of G of order ℓ: it works in general for any compact ℓ-adic Lie group G. That additional hypothesis is necessary only to prove that Sel A (K) ∨ ℓ is a torsion module, because we need to avoid zero divisors.
Theorem 4.5. Suppose that there exists an open uniform, pro-ℓ and soluble subgroup
Proof. Just use Theorems 3.2 and 4.1.
Remark 4.6. The hypothesis on the existence of the soluble subgroup G ′ is necessary. Indeed, when G ′ is not soluble it is possible to find a non torsion ideal J of Λ(G ′ ) such that J/I G ′ J is finite (see [2, p. 228] ). However, we observe that when G is finitely generated (not only "topologically" finitely generated) such an open soluble subgroup G ′ always exists (see [17] ). 
p F . Hence all primes of F are unramified in K ′ and none of them is totally split. As mentioned before we need to prove a slightly modified version of the Control Theorem. We will work with the following diagram
similar to the diagram (1) except for the "infinite level" of the upper row, and we will again apply the snake lemma. Proof. As usual we are going to work on kernels and cokernels of the maps b and c in the diagram (3).
Theorem 4.8. With the above notations the kernel and cokernel of the map
a : Sel A (K ′ ) ℓ → Sel A (K) H ℓ are cofinitely generated Z ℓ -modules. Moreover, if A[ℓ ∞ ](K) is
The map b.
From the Hochschild-Serre spectral sequence we have that
One simply observes that Gal(K/K ′ ) is still an ℓ-adic Lie group and then applies Lemma 3. 
is an ℓ-adic Lie group, every Ker(d w ) is a cofinitely generated Z ℓ -module. The result for Ker(c) will follow from Ker(d w ) = 0 for all but finitely many primes. As before the Kummer sequence provides the following diagram
/ / H 1 (K w , A(F s v )) and, from it, one has the inclusion
Hence we are not going to consider places which are totally split in K/K ′ , because they obviously provide Ker(d w ) = 0.
Unramified primes. Let v be unramified in
is the maximal unramified pro-ℓ-extension of F v and the ℓ-part of Gal(K w /K ′ w ′ ) is trivial. Therefore the ℓ-part of the (torsion) module
Because of the splitting of primes in K ′ , we are already left with finitely many places. So Ker(c) is a cofinitely generated Z ℓ -module and the first statement on Ker(a) and Coker(a) being cofinitely generated over Z ℓ is proved.
Ramified primes.
Let v ∈ S and recall that K ′ w ′ is not a local field anymore. If for any w|w ′ |v the group A[ℓ ∞ ](K w ) is finite, then, by Lemma 3.1,
Corollary 4.9. In the setting of Theorem 4.8, one has 
The arguments are the same we used for the analogous results for Λ(G)-modules.
Remark 4.10. To get Sel A (K) ∨ ℓ finitely generated over Λ(G) we only need to assume that finitely many primes of F are ramified in the Lie extension
ℓ is finitely generated also over Λ(H). Since H has infinite index in G, being finitely generated over Λ(G) and Λ(H) implies that Sel A (K) ∨ ℓ is Λ(G)-torsion (assuming that G does not contain any element of order ℓ). So this is another way to obtain torsion Λ(G)-modules without assuming the finiteness of A[ℓ ∞ ](K) (which we needed in Corollary 4.7 and is obviously false for K = F (A[ℓ ∞ ]) ). Moreover, as mentioned in the introduction, proving the finitely generated condition over Λ(G) and Λ(H) (as done also for all the cases included in Corollary 4.9) yields that Sel A (K) ∨ ℓ is in the category M H (G) , i.e., allows us to define a characteristic element for Sel A (K) ∨ ℓ (without the Λ(H)-module structure, proving that a module is Λ(G)-torsion is not enough in the non-commutative case).
Example 4.11. Take K = F (A[ℓ ∞ ]) as in Section 3.3. This kind of extension realizes naturally most of our assumptions. First of all, from [30] , S is just the set of places of bad reduction for A and it is obviously finite (moreover S = S * in the notations of Section 3.2). As a consequence, by Theorem 4.3 we get Sel A (K) ∨ ℓ always finitely generated over Λ(G). Then, since Gal(K/F ) embeds in GL 2g (Z ℓ ), it is easy to see that for ℓ > 2g + 1 the Galois group contains no elements of order ℓ so it makes sense to look for torsion modules. By the Weil-pairing we can take H such that K ′ /F is the unramified Z ℓ -extension of the constant field of F . Because of our choice of H, primes in K ′ above those in S are finitely many. So, thanks to Theorem 4.8 if 
Control theorem for ℓ = p
In order to work with the p-torsion part we need to use flat cohomology as mentioned in Section 2. We will work with diagram (1) but, as we will see, the kernels and cokernels appearing in the snake lemma sequence will still be described in terms of Galois cohomology groups. The main difference is provided by the fact that the images of the local Kummer maps will be nontrivial. To handle the local kernels we shall need the following Lemma 5.1. Let E be a local function field and let L/E be an (infinite) p-adic Lie extension. Let A be an abelian variety defined over E with good ordinary reduction. Let I be the inertia group in Gal(L/E) and assume it is nontrivial. Then
Proof. Let A (resp. A) be the formal group associated to A (resp. the reduction of A at the prime of E). Because of good reduction the natural map A(E ′ ) → A(F E ′ ) is surjective for any extension E ′ /E. Hence the sequence
is exact. Taking Gal(L/E) cohomology (and recalling that A(E) → A(F E ) is surjective), one gets
and we will focus on the right and left terms of this sequence from now on. By [33, Theorem 2 (a)], one has an isomorphism
(the statement of the theorem requires a Z d p -extension but part (a) holds independently of that). Therefore the inflation map provides an inclusion
and, since A and B are isogenous, the term on the right is finite of order
For H 1 (L/E, A(F L )) we consider two cases:
Just considering p-parts we can assume that I is open in a p-Sylow P p of Gal(L/E) and we let L I be its fixed field. Let P p := Gal(L I /E) (a finite group) and note that, since L/L I is a totally ramified extension, one has that F L = F L I is still a finite field. The Inf-Res sequence reads as
The group on the left is obviously finite and for the one on the right we can use [12, Proposition 3.1] as done previously in Lemma 3.1 (because I is still a p-adic Lie group) to get
where the exponentd 1 =d 1 (Gal(L/E)) only depends on Gal(L/E).
Case 2:
I has infinite index in Gal(L/E). We use the same sequence
but now F L is not a finite field anymore: indeed it contains the Z p -extension of F E (because unramified extensions come from extensions of the field of constants). For the group on the right we again use Lemma 3.1 to prove that H 1 (L/L I , A(F L )) is a cofinitely generated Z pmodule. The only difference with case 1 is that now the p-divisible part of A(F L ) might come into play (moreover note that 
The lemma provides a bound for the order of H 1 (L/E, A(L)) which (when I is open in Gal(L/E) ) can be written in terms of A[p ∞ ](F E ) and A(F L ). If the inertia is infinite (i.e., if I has order divisible by arbitrary high powers of p or, as we will say from now on, has order divisible by p ∞ ) we can prove that the inflation map
is actually an isomorphism but, since this is not going to improve the bound, we decided to keep this statement out of the lemma and we include it here only for completeness (the proof is just a generalization of the one provided for [33, Theorem 2 (b)]).
Proposition 5.2. In the same setting of the previous lemma, assume that I has order divisible by
Proof. The inflation map immediately provides one inclusion so we need to prove the reverse one. By [33, Corollary 2.
) with respect to the local Tate pairing (where N L/E is the natural norm map). This provides an isomorphism
Working as in [33, Section 2] (in particular subsections 2.3 and 2.6 in which the results apply to general Galois extensions), one verifies that
) is the annihilator of B(O E ) with respect to the local pairing. Moreover, since A(O E ) is the kernel of the reduction map, one has
) and, because of the isomorphism (4), this is equivalent to proving
Take α ∈ B(L) and put x = N L/E (α): we can assume that α belongs to the p-part of B(L), so that x is in the p-part of B(E). Let E ′ be an intermediate field containing
and let z be the image of z in B(F E ′ ) = B(F L I ) (which is a torsion group). Hence z has finite order, say p m , and we can find a field
which is the kernel of the reduction map). Hence
Now we proceed with our control theorem. Proof. We work with the usual diagram (1), where now we cannot substitute flat cohomology with Galois cohomology and in the groups G A (·) the images of the local Kummer maps are nontrivial (in general). Since the map X K → X F ′ is a Galois covering with Galois group Gal(K/F ′ ), the HochschildSerre spectral sequence applies and we will study:
noting that the cohomology groups on the right are Galois cohomology groups (see [19, 
(where we recall that g is the dimension of the variety A, the q ′ A,i are parameters in (F ′ v ′ ) * and the morphisms behave well with respect to the Galois action). Taking cohomology (and using Hilbert's Theorem 90) one finds an injection
* , the action of the Galois group is trivial on them and we have an isomorphism of Galois modules < q ′ A,1 , . . . , q ′ A,g >≃ Z g . Hence
(where the last one is the Pontrjagin dual of the maximal abelian quotient of Gal(K w /F ′ v ′ ) ). The last one is a cofinitely generated Z p -module, since Gal( p F ′ for some finite unramified extension F ′ of F ).
Λ-modules for ℓ = p
The Selmer groups are again Λ(G)-modules and we will investigate their structure as in the case l = p. We assume that G does not contain any element of order p. Proof. Consider the diagram
where w|w ′ |v. Assume v is unramified, then, since Gal(K w /F v ) is still a p-adic Lie group and the p-part of an unramified p-adic Lie extension of local fields is at most a Z p -extension, we have to deal with two cases.
a. Gal(K w /F v ) is finite. Then Gal(K ′ w ′ /F v ) is a finite subgroup of Γ ≃ Z p , hence it is trivial and v splits completely if K ′ /F (i.e., 1 holds). b. Gal(K w /F v ) ≃ Γ. Then Gal(K ′ w ′ /F v ) can be trivial or isomorphic to Γ. If it is trivial we are back to case 1. If it is Γ, then K ′ w ′ is the unramified Z p -extension of F v . Hence the extension K w /K ′ w ′ is unramified of (finite) order prime to p (i.e., 2 holds).
As in the ℓ = p case, we will show a slightly modified version of Theorem 5.3. Proof. We go directly to the local kernels for places which do not split completely
6.2.1. Unramified primes of good reduction. Let v be an unramified prime of good reduction for A. From Lemma 6.3 we know that K ′ w ′ = F v is a local field or Gal(K w /K ′ w ′ ) has finite order prime with p. In the first case [20, Ch. I, Proposition 3.8] shows that H 1 (K w /K ′ w ′ , A(K w )) = 0 and we get our claim. In the second case the p-part of the torsion module H 1 (K w /K ′ w ′ , A(K w )) is obviously trivial.
Because of our hypothesis on the splitting of primes we are already left with finitely many local kernels, now we check the behaviour of the remaining ones. (where we can always assume that the periods are in the base field F v ). Then Gal(K w /K ′ w ′ )-cohomology provides an injection
